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1. Introduction
Information aggregation – that is, combining several incoming data into a
single output – is a crucial issue in the construction of many intelligent systems.
Very often, the input data presents some kind of imprecision, and therefore a
framework with capabilities for both representing and combining such type of
knowledge is strongly needed. In particular, investigation on aggregation-re-
lated topics has recently experimented a great development inside Fuzzy Set
Theory. In this framework, information is represented by means of fuzzy sets
and, therefore, information aggregation consists in combining a series of fuzzy
sets, l1; . . . ; ln : E ! ½0; 1, into a single one, l : E ! ½0; 1, by means of an
aggregation process A : FðEÞn !FðEÞ such that l ¼Aðl1; . . . ; lnÞ (FðEÞ
represents the set of all fuzzy sets deﬁned in a non-empty set E). In general, it is
considered that the aggregation A is functionally expressible, and it may then
be replaced by a numerical operator A : ½0; 1n ! ½0; 1 performing a pointwise
aggregation: the output fuzzy set l is obtained as lðxÞ ¼ Aðl1ðxÞ; . . . ; lnðxÞÞ for
any x in E. A large collection of such operators is currently available (see e.g.
[4] for a recent overview and concrete references); they are known as aggre-
gation operators, and their most commonly used deﬁnition, for the general
multidimensional case, is the following.
Deﬁnition 1 [4]. An aggregation operator is a function A :
S
n2N½0; 1n ! ½0; 1
such that:
(i) 8n 2 N; x16 y1; . . . ; xn6 yn ) Aðx1; . . . ; xnÞ6Aðy1; . . . ; ynÞ.
(ii) AðxÞ ¼ x for all x 2 ½0; 1.
(iii) Að0; . . . ; 0|ﬄﬄﬄ{zﬄﬄﬄﬄ}Þ
n-times
¼ 0 and Að1; . . . ; 1|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}Þ
n-times
¼ 1.
Of course, the well-known triangular norms or t-norms (non-decreasing
operators T : ½0; 12 ! ½0; 1 that are commutative, associative and have neutral
element 1), as well as their dual operators, known as triangular conorms or
t-conorms (non-decreasing, commutative and associative operators
S : ½0; 12 ! ½0; 1 with neutral element 0), are examples of aggregation opera-
tors. They were introduced in the framework of probabilistic metric spaces
([19], see [11] for a recent monograph), and are commonly used for modelling,
respectively, the intersection and the union of fuzzy sets. Nevertheless, these
operators, as it was empirically proved in [21], are not so adequate to model
more general kinds of aggregation problems, since they do not allow for
compensation between the input values. Indeed, the tradeoﬀ between associ-
ativity (of t-norms and t-conorms) and compensatory eﬀects has to be con-
sidered. As a consequence, several other aggregation operators have been
proposed [4,5,6]. Some of them, such as the ones related to the arithmetic mean
or those based on integrals, have no explicit relation with triangular norms or
conorms. On the other hand, there are some other classes of operators which
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are directly related to them, such as uninorms, nullnorms, or composed op-
erators that allow to combine a t-norm and a t-conorm. The so-called com-
pensatory operators, introduced in [21], belong to this last category.
This paper generalizes two well-known families of compensatory operators
into a wider class of operators, which are named as quasi-linear T –S operators.
It is organized as follows: Section 2 deﬁnes this new class of operators and
provides some of their basic properties. Section 3 deals with some other speciﬁc
properties, namely, the existence of neutral and annihilator elements. Finally,
Section 4 investigates their self-duality.
2. Quasi-linear T–S operators: deﬁnition and basic properties
As it was recalled in Section 1, the so-called compensatory operators con-
stitute an important class of aggregation operators, based on triangular norms,
that combine a t-norm and a t-conorm in such a way that they provide a
compensation of their values. Two main kinds of combinations are usually
considered: exponential and linear convex combinations. These two classes of
operators were introduced by Zimmermann and Zysno [21] for particular pairs
of t-norms and t-conorms (the ﬁrst class under the name of gamma operators),
and have later on been generalized to the case of any t-norm and t-conorm (see
for example [6,15]).
Deﬁnition 2. Let T be a t-norm, S a t-conorm and k 2 ½0; 1 a compensation
parameter. Exponential convex T–S operators and linear convex T–S operators
are functions ET ;S;k; LT ;S;k :
S
n2N½0; 1n ! ½0; 1 deﬁned, respectively, by
ET ;S;kðx1; . . . ; xnÞ ¼ T ðx1; . . . ; xnÞ1
kSðx1; . . . ; xnÞk;
LT ;S;kðx1; . . . ; xnÞ ¼ ð1
 kÞT ðx1; . . . ; xnÞ þ kSðx1; . . . ; xnÞ:
It is clear (see e.g. [17]) that these operators are obtained from the compo-
sition of a t-norm and a t-conorm with a binary aggregation operator
Mk : ½0; 12 ! ½0; 1; i.e., they are deﬁned as MkðT ; SÞ, where in the case of ex-
ponential operators, Mkðx; yÞ is given by x1
k  yk, and, for linear operators, it is
Mkðx; yÞ ¼ ð1
 kÞxþ ky. In fact, they are particular cases of a general con-
struction method of aggregation operators, known as the composition method
[4,16], that makes use of the standard composition of real functions in order to
construct a new aggregation operator, C ¼ AðB1; . . . ;BkÞ, by composing an
idempotent aggregation operator A, called the outer operator, with a collection
of arbitrary aggregation operators B1; . . . ;Bk. In our case, the outer operators
Mk are particular instances of a well-known class of aggregation operators, the
family of quasi-linear means or weighted quasi-arithmetic means [1,4,7].
A. Pradera et al. / Internat. J. Approx. Reason. 30 (2002) 57–72 59
Deﬁnition 3. A quasi-linear mean is a function Mf ;D :
S
n2N½0; 1n ! ½0; 1 de-
ﬁned by







where f : ½0; 1 ! ½
1;þ1; ff ð0Þ; f ð1Þg 6¼ f
1;þ1g, is a continuous and
strictly monotone function, called the generating function of Mf ;D, and
D ¼ ðwin jn 2 N; i 2 f1; . . . ; ngÞ
is its associated weighting triangle (i.e., a collection of real values win P 0 such
that
Pn
i¼1 win ¼ 1 for each n 2 N; i 2 f1; . . . ; ng).
Remark 1. In general, quasi-linear means may be deﬁned without the constraint
ff ð0Þ; f ð1Þg 6¼ f
1;þ1g, thus allowing for non-continuous operators. The
study performed in this paper is restricted to continuous operators.
Remark 2. The deﬁnition clearly shows that diﬀerent generating functions can
lead to the same quasi-linear mean: in particular (see e.g. [1,2,12]) if
gðxÞ ¼ af ðxÞ þ b, where a; b 2 R, a 6¼ 0, a simple calculation shows that, then,
Mf ;D ¼ Mg;D. This allows to ignore some kinds of generating functions (for
instance all the decreasing ones) and to classify quasi-linear means in diﬀerent
groups according to the functions that generate them (see e.g. [3]). In this work
we will consider the following classiﬁcation, established by means of three
disjoint classes of generating functions.
• Quasi-linear means generated by functions such that f ð0Þ ¼ 1.
• Quasi-linear means generated by functions such that f ð1Þ ¼ 1.
• Quasi-linear means generated by functions such that both f ð0Þ and f ð1Þ are
ﬁnite, which may be represented by the set F ¼ ff : ½0; 1 !
½0; 1; f ð0Þ ¼ 0; f ð1Þ ¼ 1; f continuous and strictly increasingg: indeed, if
f is such that ff ð0Þ; f ð1Þg 6¼ f0; 1g, it suﬃces to consider the function
g 2F given by




when f is increasing or




when f is decreasing.
Quasi-linear means are continuous (up to the special case
Ranðf Þ ¼ ½
1;þ1), idempotent and bisymmetrical operators which are
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strictly increasing in 0; 1½n [1,7]. They include two important classes of com-
monly used operators: weighted arithmetic means (obtained when choosing
f ðxÞ ¼ x) and quasi-arithmetic means (obtained by means of the weighting
triangle given by the weights win ¼ 1=n for all n 2 N; i 2 f1; . . . ; ng).
Coming back to the case of exponential and linear convex T–S operators, it
is clear that the outer operators Mk that deﬁne them are particular instances of
quasi-linear means: they are, respectively, a binary weighted geometric mean (a
quasi-linear mean with generating function f ðxÞ ¼ logðxÞ) and a binary
weighted arithmetic mean. As quasi-linear means are always idempotent, any
operator in this class may be composed with a t-norm and a t-conorm in order
to construct a new aggregation operator, generalizing in this way both expo-
nential and linear T–S operators into a wider family of compensatory opera-
tors (note that a similar generalization was already proposed in [17] taking M
as an averaging operator, i.e., a strictly increasing binary quasi-arithmetic
mean).
Deﬁnition 4. Let T be a t-norm, S a t-conorm, k 2 ½0; 1 a compensation pa-
rameter and f : ½0; 1 ! ½
1;1 a continuous and strictly monotone function
such that ff ð0Þ; f ð1Þg 6¼ f
1;þ1g. A quasi-linear T–S operator is a function
QLT ;S;k;f :
S
n2N½0; 1n ! ½0; 1 deﬁned by
QLT ;S;k;f ðx1; . . . ; xnÞ ¼ f 
1ðð1
 kÞf ðT ðx1; . . . ; xnÞÞ þ kf ðSðx1; . . . ; xnÞÞÞ:
Quasi-linear T –S operators are clearly aggregation operators according to
Deﬁnition 1; in addition, they are symmetric, continuous if and only if the
triangular operators T and S are continuous, not associative (unless k ¼ 0 or
k ¼ 1, in which case QLT ;S;k;f ¼ T and QLT ;S;k;f ¼ S, respectively) and they
verify the inequality T 6QLT ;S;k;f 6 S. Note also that, due to their construction,
these operators may be classiﬁed, according to their generating function, in a
similar way as quasi-linear means (see Remark 2).
Before studying the properties of this new class of functions, a preliminary
task is to compare them with other aggregation operators of the same type,
that is, built by means of a t-norm and a t-conorm. Among the later are the so-
called T–S aggregation functions, introduced in [8] as a generalization of the
aggregation functions studied in [15].
Deﬁnition 5. Let T be a continuous t-norm and S a continuous t-conorm. A
function F : ½0; 12 ! ½0; 1 is called a T–S aggregation function if the following
conditions hold:
(i) F ðx; yÞ ¼ F ðy; xÞ for all x; y 2 ½0; 1.
(ii) F ðx; yÞ6 F ðu; vÞ when x6 u; y6 v.
(iii) F ðx; 0Þ ¼ T ðF ð1; 0Þ; xÞ for all x 2 ½0; 1.
(iv) F ðx; 1Þ ¼ SðF ð1; 0Þ; xÞ for all x 2 ½0; 1.
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T–S aggregation functions include, among others, t-norms, t-conorms, the
arithmetic mean and the class of linear convex T–S operators. Next theorem
establishes the relationship between these functions and binary quasi-linear
T–S operators (excluding the limit cases of t-norms and t-conorms, that belong
to both classes of operators).
Theorem 1. A binary quasi-linear T–S operator QLT ;S;k;f : ½0; 12 ! ½0; 1 such
that k 62 f0; 1g is a T –S aggregation function if and only if f ð0Þ 6¼ 1 and
f ð1Þ 6¼ 1.
Proof. Any binary quasi-linear T–S operator fulﬁlls properties (i) and (ii) of
Deﬁnition 5, so we only need to deal with properties (iii) and (iv):
• If f ð0Þ ¼ 1, QLT ;S;k;f does not fulﬁll property (iv): indeed, it is
QLT ;S;k;f ð1; 0Þ ¼ 0, and therefore it is not possible to ﬁnd any continuous
t-conorm S1 such that QLT ;S;k;f ðx; 1Þ ¼ S1ðQLT ;S;k;f ð1; 0Þ; xÞ for all x 2 ½0; 1,
since this equality is equivalent to x ¼ 1.
• A similar proof shows that binary quasi-linear T–S operators such that
f ð1Þ ¼ 1 do not verify property (iii) of T–S aggregation functions.
• If both f ð0Þ and f ð1Þ are bounded values, we can consider, following Re-
mark 2, that f is an increasing function with f ð0Þ ¼ 0 and f ð1Þ ¼ 1. Then:
 Property (iii) will be veriﬁed if it is possible to ﬁnd a continuous t-norm T1
such that QLT ;S;k;f ðx; 0Þ ¼ T1ðQLT ;S;k;f ð1; 0Þ; xÞ for all x 2 ½0; 1. This last
equality is equivalent to T1ðf 
1ðkÞ; xÞ ¼ f 
1ðk; f ðxÞÞ, and will therefore
be satisﬁed by choosing T1 as the continuous t-norm T1 ¼
f 
1Prod  f  f , where Prodðx; yÞ ¼ xy is the well-known product t-
norm.
 Similarly, property (iv) is veriﬁed by choosing S1 ¼ f 
1  Prod  f  f ,
where Prodðx; yÞ ¼ xþ y 
 xy is the t-conorm dual to the product t-
norm, usually known as probabilistic sum. 
Therefore, an important number of binary quasi-linear T–S operators be-
long to the category of T –S aggregation functions. Note that the converse is
not true, that is, not every T–S aggregation function can be expressed as a
quasi-linear T –S operator. A simple example allows to prove it: the well-known
a-median operators (see e.g. [4]) are T–S aggregation functions [9] that cannot –
unless a 2 f0; 1g, in which case they coincide with the minimum and maximum
operators – be expressed as quasi-linear T–S operators. Indeed, it is well-
known that a-median operators have the value a as an annihilator element,
whereas the only possible annihilator elements of quasi-linear T –S operators
are 0 and 1 (see Section 3.2).
Regarding the comparison and ordering of quasi-linear T–S operators, this
will be performed in the standard way, that is, pointwise, and the following
results are obtained.
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Proposition 2. Let f ; g : ½0; 1 ! ½
1;1 be two continuous and strictly
monotone functions such that ff ð0Þ; f ð1Þg 6¼ f
1;þ1g and gðxÞ ¼ af ðxÞ þ b;
a; b 2 R; a 6¼ 0. The following statements are true:
• QLT ;S;k1;f 6QLT ;S;k2;g if and only if k16 k2.
• QLT ;S;k1;f ¼ QLT ;S;k2;g if and only if k1 ¼ k2.
• QLT1;S;k;f 6QLT2;S;k;g ðk 6¼ 1Þ if and only if T16 T2(QLT ;S1;k;f 6QLT ;S2;k;g ðk 6¼ 0Þ
if and only if S16 S2).
• QLT1;S;k;f ¼ QLT2;S;k;g ðk 6¼ 1Þ if and only if T1 ¼ T2(QLT ;S1;k;f ¼ QLT ;S2;k;g
ðk 6¼ 0Þ if and only if S1 ¼ S2).
• QLT1;S1;k;f ¼ QLT2;S2;k;g ðk 62 f0; 1gÞ if and only if T1 ¼ T2 and S1 ¼ S2.
Proof. The ﬁrst statements are easily veriﬁed. To prove the last one, let us
suppose that QLT1;S1;k;f ¼ QLT2;S2;k;g, which yields, after some calculations, the
equality
ð1
 kÞf ðT1ðx1; . . . ; xnÞÞ þ kf ðS1ðx1; . . . ; xnÞÞ
¼ ð1
 kÞf ðT2ðx1; . . . ; xnÞÞ þ kf ðS2ðx1; . . . ; xnÞÞ
for any ðx1; . . . ; xnÞ 2 ½0; 1n; n 2 N. Then, choosing nP 3:
• If ðx1; . . . ; xnÞ is taken such that x1 6¼ 0, x2 6¼ 0 and x3 ¼    ¼ xn ¼ 0, it is
S1ðx1; x2Þ ¼ S2ðx1; x2Þ, i.e., S1 ¼ S2.
• If ðx1; . . . ; xnÞ is taken such that x1 6¼ 1, x2 6¼ 1 and x3 ¼    ¼ xn ¼ 1, it is
T1ðx1; x2Þ ¼ T2ðx1; x2Þ, i.e., T1 ¼ T2.
Note that this equivalence is not always true in the particular case n ¼ 2: for
example, if k ¼ 1=2 and f ¼ Id, it will suﬃce to take two pairs ðT1; S1Þ and
ðT2; S2Þ both verifying the Frank functional equation T ðx; yÞ þ Sðx; yÞ ¼ xþ y
[9] to obtain the equality QLT1;S1;k;f ¼ QLT2;S2;k;g. 
3. Neutral and annihilator elements
This section deals with two important properties of quasi-linear T –S oper-
ators, namely, the occurrence of a neutral or an annihilator element.
3.1. Neutral element
In order to study the occurrence of a neutral element for quasi-linear T–S
operators, we ﬁrst recall the deﬁnition of a neutral element for a general ag-
gregation operator.
Deﬁnition 6. An element e 2 ½0; 1 is called a neutral element of an aggregation
operator A if for each nP 2, for each i 2 f1; . . . ; ng and for all
x1; . . . ; xi
1; xiþ1; . . . ; xn 2 ½0; 1, it is
Aðx1; . . . ; xi
1; e; xiþ1; . . . ; xnÞ ¼ Aðx1; . . . ; xi
1; xiþ1; . . . ; xnÞ:
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Next proposition shows that the only quasi-linear T–S operators that have a
neutral element are the limit cases where the operator is either a t-norm or a
t-conorm.
Proposition 3. An element e 2 ½0; 1 is a neutral element of QLT ;S;k;f if and only if
one of the two following situations holds:
(i) e ¼ 0 and k ¼ 1 (i.e., QLT ;S;k;f ¼ SÞ.
(ii) e ¼ 1 and k ¼ 0 (i.e., QLT ;S;k;f ¼ T Þ.
Proof. If e 2 ½0; 1 is a neutral element of QLT ;S;k;f , then
ð1
 kÞf ðT ðx1; . . . ; xi
1; e; xiþ1; . . . ; xnÞÞ þ kf ðSðx1; . . . ; xi
1; e; xiþ1; . . . ; xnÞÞ
¼ ð1
 kÞf ðT ðx1; . . . ; xi
1; xiþ1; . . . ; xnÞÞ þ kf ðSðx1; . . . ; xi
1; xiþ1; . . . ; xnÞÞ:
Now, taking the values x1 ¼    ¼ xn ¼ 0, it is
ð1
 kÞf ð0Þ þ kf ðeÞ ¼ ð1
 kÞf ð0Þ þ kf ð0Þ;
i.e.,
ð1
 kÞf ð0Þ þ kf ðeÞ ¼ f ð0Þ;
and the only solutions to this equation are k ¼ 0; e ¼ 0 and f ð0Þ ¼ 1. Then:
• If k ¼ 0; it is QLT ;S;k;f ¼ T ; and therefore the neutral element must be e ¼ 1.
• If e ¼ 0; we will have
ð1
 kÞf ð0Þ þ kf ðSðx1; . . . ; xi
1; 0; xiþ1; . . . ; xnÞÞ
¼ ð1
 kÞf ðT ðx1; . . . ; xi
1; xiþ1; . . . ; xnÞÞ þ kf ðSðx1; . . . ; xi
1; xiþ1; . . . ; xnÞÞ:
As 0 is a neutral element of any t-conorm, this is equivalent to
ð1
 kÞf ð0Þ ¼ ð1
 kÞf ðT ðx1; . . . ; xi
1; xiþ1; . . . ; xnÞÞ
and then it is necessarily k ¼ 1, i.e., QLT ;S;k;f is the t-conorm S.
• If f ð0Þ ¼ 1, let us suppose that there is a neutral element e. Then, when
n ¼ 2 and x ¼ 1, we will have QLT ;S;k;f ð1; eÞ ¼ 1, which is equivalent to
ð1
 kÞf ðeÞ þ kf ð1Þ ¼ f ð1Þ. One of the solutions to this equation,
f ð1Þ ¼ 1, has to be discarded, since by deﬁnition the generating function
may not be unbounded in both 0 and 1. Next possibility is k ¼ 1, but then
QLT ;S;k;f is the t-conorm S with neutral e ¼ 0. Finally, last solution would be
e ¼ 1, but this case as already been studied: QLT ;S;k;f ðx; 1Þ ¼ x is equivalent to
ð1
 kÞf ðxÞ þ kf ð1Þ ¼ f ðxÞ, whose only solution is k ¼ 0. 
3.2. Annihilator element
Another interesting property that may be studied is the existence of an
annihilator.
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Deﬁnition 7. An element a 2 ½0; 1 is called an annihilator of an aggregation
operator A if for each nP 2 and for all ðx1; . . . ; xnÞ 2 ½0; 1n it is
Aðx1; . . . ; xnÞ ¼ a whenever a 2 fx1; . . . ; xng.
In the case of quasi-linear T–S operators, the following result is obtained.
Proposition 4. An element a 2 ½0; 1 is an annihilator of a quasi-linear T–S op-
erator QLT ;S;k;f if and only if one of the two following situations holds:
(i) a ¼ 0 and either k ¼ 0 (i.e., QLT ;S;k;f ¼ T Þ or ½k 6¼ 1 and f ð0Þ ¼ 1.
(ii) a ¼ 1 and either k ¼ 1 (i.e., QLT ;S;k;f ¼ SÞ or ½k 6¼ 0 and f ð1Þ ¼ 1.
Proof. We ﬁrst prove that if a 2 ½0; 1 is an annihilator element, then necessarily
it is a 2 f0; 1g. Indeed, if in the annihilator equation we take, in particular, the
values xj ¼ 0 for each j 6¼ i; xi ¼ a, the equation becomes ð1
 kÞf ð0Þþ
kf ðaÞ ¼ f ðaÞ, whose unique solutions are a ¼ 0; k ¼ 1 and f ðaÞ ¼ 1. In the
second case it is QLT ;S;k;f ¼ S, and it is well known that the only absorbing ele-
ment of a t-conorm is a ¼ 1. In the last case, as f is a strictly monotone function,
the only possibilities are a ¼ 0 or a ¼ 1. We now study these two possibilities:
(i) a ¼ 0. In this case the fact that 0 is an annihilator is equivalent to the equa-
tion
ð1
 kÞf ð0Þ þ kðf ðSðx1; . . . ; xi
1; 0; xiþ1; . . . ; xnÞÞÞ ¼ f ð0Þ;
which will never be veriﬁed if k ¼ 1; otherwise, its only solutions are k ¼ 0 and
f ð0Þ ¼ 1.
(ii) a ¼ 1. In a similar way, the equation
ð1
 kÞf ðT ðx1; . . . ; xi
1; 1; xiþ1; . . . ; xnÞÞ þ kf ð1Þ ¼ f ð1Þ
is obtained, whose solutions are k ¼ 1, and f ð1Þ ¼ 1 whenever k 6¼ 0. 
In particular, the above proposition recovers the fact [15] that 0 is an an-
nihilator of any exponential T–S operator, and, therefore, 1 is an annihilator of
their dual operators.
4. Duality
Another important property of aggregation operators is related to duality,
where negation functions play an important role. We ﬁrst recall the basic
notions related to this topic.
Deﬁnition 8. A strong negation is a function N : ½0; 1 ! ½0; 1 such that
Nð0Þ ¼ 1 and which is continuous, strictly decreasing and involutive (i.e.,
N  N ¼ Id½0;1).
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A characterization for strong negations was ﬁrst given in [21]; it may be
written, in a general form, as follows.
Theorem 5. A function N : ½0; 1 ! ½0; 1 is a strong negation if and only if there
exists a continuous and strictly monotone function f : ½0; 1 ! R such that
NðxÞ ¼ f 
1ðf ð0Þ þ f ð1Þ 
 f ðxÞÞ for each x 2 ½0; 1. Function f is called a gen-
erator of N .
The most commonly used strong negation is the so-called standard negation,
NðxÞ ¼ 1
 x, with increasing generator f ðxÞ ¼ x.
Strong negation functions may be used to construct new aggregation op-
erators from given ones by reversing the input scales.
Deﬁnition 9. Let A be an aggregation operator and let
DN ¼ ðNin jn 2 N; i 2 f1; . . . ; ngÞ
be a collection of strong negations Nin where N11 is denoted by N. The operator
DDN ðAÞ :
S
n2N½0; 1n ! ½0; 1, deﬁned by
DDN ðAÞðx1; . . . ; xnÞ ¼ NðAðN1nðx1Þ; . . . ;NnnðxnÞÞÞ
is called the DN -dual operator of A. When all the negations coincide, the op-
erator DDN ðAÞ will be simply denoted by DN ðAÞ and called the N-dual operator
of A.
It is easy to verify that the DN -dual operator of any aggregation operator A
is in turn an aggregation operator. It is then possible to speak about DN -self-
dual aggregation operators, that is, aggregation operators such that
A ¼ DDN ðAÞ, or N-self-dual aggregation operators when A ¼ DN ðAÞ. This last
situation is the most interesting and is the one that will be studied in this paper.
In order to investigate the self-duality of quasi-linear T–S operators, we will
previously study the self-duality of quasi-linear means, since these last opera-
tors are fundamental in the deﬁnition of the former ones.
4.1. Duality of quasi-linear means
Next result, which is a matter of simple calculation, describes the N-dual
operator of a quasi-linear mean (see [2] for the particular case n ¼ 2).
Proposition 6. Given a strong negation N , the N -dual operator of a quasi-linear
mean Mf ;D is again a quasi-linear mean given by MfN ;D, where fN ¼ f  N .
Therefore, in order to study the self-duality of quasi-linear means, we need
to compare two operators that, despite they have diﬀerent generating func-
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tions, are deﬁned by means of the same weighting triangle. To that respect, it
was recalled before (Remark 2) that generating functions related by means of
an aﬃne transformation lead to the same quasi-linear mean. Next result states
that this relationship is not only a suﬃcient condition but also a necessary one
(see [1]; note also that the same result was obtained in [12] for the particular
case of quasi-arithmetic means).
Proposition 7. Let Mf ;D and Mg;D be two quasi-linear means defined with respect
to a same weighting triangle D. Then Mf ;D ¼ Mg;D if and only if f ðxÞ ¼ agðxÞ þ b
for some a; b 2 R; a 6¼ 0.
Proof. Due to the deﬁnition of quasi-linear mean, the equality between the two
operators is equivalent to
Xn
i¼1






for each n 2 N. Then putting gðxiÞ ¼ ui for each i 2 f1; . . . ; ng; ui 2 RanðgÞ,









for any u1; . . . ; un 2 DomðhÞ and each n 2 N. This equation is the generaliza-
tion to the n-dimensional case of the k-Jensen equation deﬁned in an interval of
the real line. As h is a continuous function, this means [1,2] that h is an aﬃne
function, that is, hðxÞ ¼ axþ b; a; b 2 R; a 6¼ 0, or, equivalently, f ðxÞ ¼
agðxÞ þ b. 
This general result on the equivalence between quasi-linear means allows to
easily obtain the following characterization regarding their N-self-duality (note
that it recovers the results given in [2,18] for the binary case and the standard
negation; see also [10] for the case of the so-called averaging operators).
Theorem 8. Let N be a strong negation and Mf ;D a quasi-linear mean. Then Mf ;D
is N -self-dual if and only if N is the strong negation generated by f (i.e.,
f ðNðxÞÞ þ f ðxÞ ¼ f ð0Þ þ f ð1Þ for all x 2 ½0; 1).
Proof. Mf ;Dis N-self-dual if and only if Mf ;D ¼ MfN ;D, where fN ¼ f  N . Then,
applying Proposition 7, this is equivalent to f ðNðxÞÞ ¼ af ðxÞ þ b; for some
a; b 2 R; a 6¼ 0. In addition, the particular values x ¼ 1 and x ¼ 0 lead to
a ¼ 
1, and then also b ¼ f ð0Þ þ f ð1Þ. 
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Remark 3. Taking into account the classiﬁcation of quasi-linear means sug-
gested in remark 2, last result provides the following information regarding
their self-duality:
• Quasi-linear means such that either f ð0Þ ¼ 1 or f ð1Þ ¼ 1 are never
N -self-dual (their are dual to each other).
• Quasi-linear means such that both f ð0Þ and f ð1Þ are ﬁnite are N-self-dual
whenever their generating function f is also a generator of the strong nega-
tion N . Then, given a strong negation N , the class of all quasi-linear means
which are N -self-dual will be completely described by the family of increas-
ing bijections f : ½0; 1 ! ½0; 1 such that f ðNðxÞÞ þ f ðxÞ ¼ 1 for each
x 2 ½0; 1. In the case of the standard negation, this family is given by all
the increasing bijections h in ½0; 1 which are symmetric with respect to the
point ð1=2; 1=2Þ. An easy way to obtain functions of this type (see also
[19]) is to build them up in two steps, taking ﬁrst any increasing bijection
h1 : ½0; 1=2 ! ½0; 1=2 and then the symmetric of h1 in ½1=2; 1. The following
is an example of a parametrized family of functions fulﬁlling this property,
built by means of quadratic functions. Parameters a and b must belong to




















aÞ if x 2 ½1=2; 1:
(
Note also that the case of strong negations other than the standard one may be
solved by means of the previous class of functions. Indeed, any pair ðf1; f2Þ of
functions generating a strong negation N veriﬁes the equation f2 ¼ h  f1,
where h : ½0; 1 ! ½0; 1 is an increasing bijection such that hðxÞ þ hð1
 xÞ ¼ 1.
4.2. Duality of quasi-linear T–S operators
We can now address the case of quasi-linear T –S operators. The following
result is a matter of calculation:
Proposition 9. Given a strong negation N , the N -dual operator of a quasi-linear
T–S operator is again a quasi-linear T–S operator, given by
DN ðQLT ;S;k;f Þ ¼ QLDN ðSÞ;DN ðT Þ;1
k;fN ;
where DN ðSÞ is the t-norm N -dual to S, DN ðT Þ is the t-conorm N -dual to T and
fN ¼ f  N .
Regarding self-duality, next proposition provides some necessary conditions
that any quasi-linear T -S operator must fulﬁll in order to be N-self-dual.
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Proposition 10. Let N be a strong negation and QLT ;S;k;f a quasi-linear T–S
operator. If QLT ;S;k;f is N -self-dual, then f ð0Þ 6¼ 1, f ð1Þ 6¼ 1 and
k ¼ f ðxN Þ 
 f ð0Þ
f ð1Þ 
 f ð0Þ ;
where xN 2 0; 1½ is the fixed point of N (i.e., the unique point such that
NðxN Þ ¼ xN ).
Proof. If QLT ;S;k;f is N-self-dual, then the self-duality equation, for the partic-
ular values x1 ¼    ¼ xn
1 ¼ 0; xn ¼ 1, leads to the equation f 
1ðð1
 kÞf ð0Þþ
kf ð1ÞÞ ¼ N ½f 
1ðð1
 kÞf ð0Þ þ kf ð1ÞÞ, which means that f 
1ðð1
 kÞf ð0Þþ
kf ð1ÞÞ must be the ﬁxed point of the negation N, that is, ð1
 kÞf ð0Þ þ kf ð1Þ ¼
f ðxN Þ. As f is strictly monotone, this entails that f must be bounded both in 0
and 1 and forces the value for k claimed. 
In particular, the above proposition recovers the fact that exponential T–S
operators are never self-dual, since their generating functions verify
f ð0Þ ¼ 1. In the case of linear T–S combinations, it is known (see [15]) that
an operator LT ;S;k is self-dual with respect to the standard negation if and only
if k ¼ 1=2 and ðT ; SÞ is a dual pair (i.e., T and S are dual to each other). Note
that both LT ;S;k and the standard negation have f ðxÞ ¼ x as generating function.
Next theorem shows that this last result can be generalized to any quasi-linear
T–S operator with bounded generating function.
Theorem 11. Let QLT ;S;k;f be a quasi-linear T–S operator such that
f ð0Þ; f ð1Þ 6¼ 1 and let N be the strong negation generated by f. Then QLT ;S;k;f
is N-self-dual if and only if k ¼ 1=2 and ðT ; SÞ is a N-dual pair.
Proof. (: Following Proposition 9, QLT ;S;k;f is N-self-dual if
QLT ;S;k;f ¼ QLDN ðSÞ;DN ðT Þ;1
k;fN :
Since by hypothesis k ¼ 1=2 and ðT ; SÞ is a N-dual pair, this is equivalent to
QLT ;S;1=2;f ¼ QLT ;S;1=2;fN or Mf ;1=2ðT ; SÞ ¼ MfN ;1=2ðT ; SÞ. This last equality is
clearly true, since, as N is generated by f ; it is f ðNðxÞÞ ¼ f ð0Þ þ f ð1Þ 
 f ðxÞ;
which means that function fN is obtained from f by means of an aﬃne trans-
formation.
): We ﬁrst of all prove that, under the stated conditions, QLT ;S;k;f may only
be N-self-dual if k ¼ 1=2: Indeed, the equation f ðNðxÞÞ þ f ðxÞ ¼ f ð0Þ þ f ð1Þ;
taking the value x ¼ xN , leads to
f ðxN Þ ¼ f ð0Þ þ f ð1Þ
2
:
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It then suﬃces to replace this value in the expression




obtained in Proposition 10 to end with k ¼ 1=2. Then, in order to prove that
the N-self-duality equation implies that T and S form a N-dual pair, it suﬃces
to apply the last statement of Proposition 2. 
5. Conclusions
The need, in real applications, of aggregation operators able to overcome
the compensatory limitations of t-norms and t-conorms was pointed out al-
most twenty years ago in [21]. Since then, diﬀerent compensatory operators
have been introduced; among them, exponential and linear convex combina-
tions of t-norms and t-conorms are the most referenced ones (they were already
successfully used, for example, in [13]). One of the main advantages of these
two classes of operators is that they are parameterized by means of a com-
pensation parameter, k, that varies in [0,1]. In this paper we have proposed a
generalization of both families of operators, achieved by adding a new degree
of parameterization: in addition to the compensation parameter, we will allow
the ﬁnal result to be customized by applying a transformation function
f : ½0; 1 ! ½
1;1 to the results obtained after combining the input values
with the t-norm and the t-conorm operations. In other words, the new oper-
ators are constructed by composing any quasi-linear mean with a t-norm and a
t-conorm, thus providing a much larger class of compensatory operators, and
therefore a wider capacity for modelling real situations. For example, since this
new class is closed under duality, it will include, in particular, the dual oper-
ators of exponential convex T–S combinations.
The main properties of the proposed family of operators, such as the oc-
currence of neutral or annihilator elements and their self-duality, have been
investigated. The results obtained can be summarized as follows:
• Quasi-linear T–S operators such that k ¼ 0 or k ¼ 1 are, respectively, a
t-norm or a t-conorm.
• Otherwise, they are symmetric aggregation operators which are not associa-
tive, do not have any neutral element and may be further classiﬁed in two
additional categories:
 If f ð0Þ ¼ 1 or f ð1Þ ¼ 1 they have an annihilator element (0 and 1,
respectively), they are never N-self-dual and, in the binary case, they may
not be expressed as T–S aggregation functions.
 Otherwise, they do not have any annihilator, they coincide, in the binary
case, with T –S aggregation functions and, when k ¼ 1=2; T and S are
N-dual to each other and f is a generator of the strong negation N, they
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appear to be N-self-dual operators (that is, they provide a result which is
not aﬀected by a reversal of the scale).
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